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In the present work we use the modified versions of the MIT bag model, on which both a vector
field and a self-interacting term are introduced, to obtain hot quark matter and to investigate the
QCD phase diagram. We first analyse two-flavored quark matter constrained to both the freeze-
out and the liquid-gas phase transition at the hadronic phase. Later, three-flavored quark matter
subject to β equilibrium and charge neutrality is used to compute quark star macroscopic properties,
which are confronted with recent observational massive and canonical star radius results. Finally, a
comparison with QCD phase diagrams obtained from the Nambu-Jona-Lasinio model is performed
and the possible existence of the quarkyonic matter discussed.
I. INTRODUCTION
One of the most important features of the quantum ch-
romodynamics (QCD) is the asymptotic freedom, which
predicts that strongly interacting matter undergoes a
phase transition from hadrons (constituted of confined
partons) to deconfined quarks and gluons - the quark
gluon plasma (QGP) - at some high temperature as well
as high density [1, 2]. Therefore, the correlation between
two external parameters arises: for a fixed temperature,
what is the density (or equivalently, the baryon chemi-
cal potential), at which the phase transition occurs in
equilibrium QCD?
To study the QGP as well as the hadron-quark phase
transition several experiments have been proposed and
performed in recent years at LHC, RICH and others [3–
6]. Studying Au+Au and Pb+Pb collisions, Cleymans
[7] was able to trace the chemical freeze-out line, obtai-
ned when inelastic collisions between particles cease such
that the abundance ratios do not change anymore [8].
Although the chemical freeze-out is not directly related
to the hadron-quark phase transition, the hadron multi-
plicities in central high energy nucleus-nucleus collisions
are established very close to the phase boundary between
hadronic and quark matter [9], especially at very low
baryon chemical potential, when the chemical freeze-out
temperature and the critical temperature are expected to
lie at the same error bar [9, 10]. Moreover, the chemical
freeze-out is expected to be a pure hadronic process, the-
refore, its trace needs to be in the hadron phase. This
feature acts as a constraint for hadron-quark phase tran-
sition modeling.
In the standard model, the tool to describe strong in-
teracting matter is the QCD. For low chemical poten-
tial and high temperature, the lattice QCD (LQCD) can
be employed yielding satisfactory results. For instance,
LQCD predicts the existence of a smooth cross-over
around a temperature of 160 MeV at low chemical poten-
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tials, while at higher densities a first order phase transi-
tion [11–13] is generally obtained from effective models.
Furthermore, the first order phase transition must end at
a unique point where a second order phase transition ta-
kes place, the critical end point (CEP), although its exis-
tence and exact location are not well established [14, 15].
Another important region in the QCD phase diagram is
the liquid-gas instability region related to nuclear frag-
mentation [16–18]. For low temperatures and chemical
potential, the nucleons are confined into the nuclei [19],
which can be regarded as a liquid phase. As the tempe-
rature increases, the nuclei start to dissolve into a diluted
interacting gas of nucleons. A critical temperature, above
which only the gas phase survives, is expected [20]. Like
the chemical freeze-out, the liquid-gas phase transition is
a pure hadronic process, where the contribution from the
quark degrees of freedom can be neglected. Nevertheless,
the region expected to undergo this phase transition can
also be used as a constraint.
In this work we use the modified versions of the MIT
bag model, as originally introduced in ref. [21] - on which
a vector field is added in a minimal coupling scheme, as
well as a self-interacting term that mimics the contribu-
tion from the quark Dirac sea [22] - to study the QCD
phase diagram and hot quark matter. We start conside-
ring symmetric two-flavored quark matter, µd = µu, and
check if we can fit both the freeze-out and the liquid-gas
phase transition at the hadronic phase. Then, we verify
if it is possible to fulfill these constraints alongside the
existence of stable strange quark matter (SQM) as pro-
posed by the Bodmer-Witten conjecture [23, 24]. If this
is true, therefore, the nuclear matter as we know, made
of protons and neutrons is only meta-stable, and the true
ground state of all matter are not the baryons but three-
flavored deconfined quark matter (µd = µu = µs).
The next step is to construct the QCD phase diagram
for three flavored quark matter in β equilibrium and zero
electrical charge. At T = 0, this study is important if
one wants to describe quark (or strange) stars, as well
as quark matter in the core of massive hybrid stars [25].
An additional step happens when the strange quark is
present. In this case there are two possibilities for the
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2strength of its interaction with the vector field: an uni-
versal coupling, when the strength of the s quark is equal
to the u and d quarks, and one we calculated from the
group theory approach that fixes the s quark coupling
constant to 2/5 of the u and d quarks [21]. In all cases, we
impose that β stable three flavored quark matter needs
to reproduce massive pulsars like MSP J070+6620 [26].
Another important constraint is the radius of the cano-
nical 1.4 M neutron star. A recent study indicates that
this radius is in the range of 10.4 km to 11.9 km [27],
although less restrictive constraints have not been dis-
carded [28, 29].
As will become clear in the manuscript, for reasonable
values of the bag pressure parameter, the MIT bag mo-
del and its extensions are not suitable to describe quark
matter at low chemical potential and high temperature,
once its critical temperature is far below those (pseudo)
temperatures predicted by LQCD [11, 14, 15], as well as
the experimental line of the chemical freeze-out [7]. Due
to these facts, inspired by an old recipe [30], we propose
a simple parametrization for the Bag, where it increases
with temperature. With this simple modification we are
able to produce massive quark stars compatible with the
freeze-out and liquid-gas phase transition constraints. At
the end we study the effects of finite temperature on hot
quark stars (with a fixed temperature of 40 MeV) and
on the speed of the sound of the quark matter. Finite
temperature is important at the early stages of a quark
star and in the quark core of a massive proto-hybrid star.
A recent study suggests that the speed of sound of the
quark matter is strongly coupled to the size and mass of
the quark core in massive hybrid stars [25].
It is also worth pointing out that in the limit of va-
nishing quark masses the QCD Lagrangian presents chi-
ral symmetry [31]. Although at low energy scale this
symmetry is dynamically broken, it is restored at high
energy scales. Besides, for low temperature and high che-
mical potentials, the existence of a color superconducting
phase is possible. Some studies indicate that the related
gaps in the fermion spectrum could be of the order of
100 MeV [32]. Both features are beyond the QCD cha-
racteristics that one can study using the MIT-like models
presented in this work, but for the sake of comparison, we
add a section where results obtained with the Nambu–
Jona-Lasinio model [33] are shown and commented.
II. FORMALISM
The MIT bag model considers that each baryon is com-
posed of three non-interacting quarks inside a bag. The
bag, in turn, corresponds to an infinity potential, which
confines the quarks. In this simple model the quarks are
free inside the bag and are forbidden to reach out. All
the information about the strong force lies in the bag,
also called the vacuum pressure. The MIT Lagrangian
density reads [34]:
L =
∑
u,d,s
{ψ¯q[iγµ∂µ −mq]ψq −B}Θ(ψ¯qψq), (1)
where mq is the q quark mass running from u, d and s,
whose values are 4 MeV, 4 MeV and 95 MeV respecti-
vely [35]; ψq is the Dirac quark field, B is the constant
vacuum pressure and Θ(ψ¯qψq) is the Heaviside step func-
tion that is included to assure that the quarks exist only
confined inside the bag.
As in ref. [21], we introduce a quark interaction via
minimal coupling described by a vector channel Vµ ana-
logous to the ω meson in quantum hadrodynamics:
LV =
∑
u,d,s
gqqV {ψ¯q[γµVµ]ψq}Θ(ψ¯qψq), (2)
as well as the mass term and a self-interaction on the
vector field:
LV = 1
2
m2V VµV
µ + b4
(g2VµV
µ)2
4
(3)
where gqqV is the coupling constant of the quark q with
the vector field V µ. As pointed out earlier, there are two
possibilities: an universal coupling with gssV = guuV =
gddV , as well as a ratio that comes from symmetry group
calculations [21]: gssV = 2/5 · guuV = 2/5 · gddV ; mV is
the mass of the vector field, taken to be 780 MeV, b4 is a
dimensionless parameter to modulate the self-interaction
of the vector field, and g = guuV for short.
Now, assuming mean field approximation (MFA)
(V µ → 〈V 〉 → δ0,µV 0), we obtain the eigenvalue for the
energy of the quarks and the equation of motion for the
V field, respectively:
Eq =
√
m2q + k
2 + gqqV V
0,
gV0 +
(
g
mV
)2(
b4(gV0)
3
)
=
(
g
mV
)∑
u,d,s
(
gqqV
mV
)
nq
(4)
where the term 〈ψ¯qγ0ψq〉 was replaced by the number
density nq for the q quark.
Now, quarks are Fermions with spin 1/2, then the num-
ber density, the pressure and the energy density of the
quark matter can be obtained via Fermi-Dirac distribu-
tion [36]:
nq = 〈ψ¯qγ0ψq〉 = 2×Nc
∫
d3k
(2pi)3
(fq+ − fq−), (5)
q = 2×Nc
∫
d3k
(2pi)3
Eq(fq+ + fq−), (6)
3pq =
2×Nc
3
∫
d3k
(2pi)3
k
∂Eq
∂k
(fq+ + fq−), (7)
where Nc = 3 is the number of colors. The Bag contri-
bution, as well as the contribution of the vector field to
the energy density and the pressure are easily obtained
through the Hamiltonian:
H = −〈L〉 = B − 1
2
m2V V
2
0 − b4
(gV0)
4
4
, (8)
and
 =
∑
q
q +H. and p =
∑
q
pq −H (9)
with fq+ (fq−) being the Fermi-Dirac distribution of the
quarks (anti-quarks), given by:
fq± =
1
1 + exp[(E∗q ∓ µ∗q)/T ]
. (10)
Here, E∗q =
√
k2 +m2q and µ
∗
q = µq − gqqV V0 is the
effective chemical potential.
III. PHASE DIAGRAM AND QUARK STARS
We start by studying how the vector field as well as the
self-interacting term influence the QCD phase diagram
obtained with the modified MIT model for different bag
pressure values. In MIT-based models the interpreta-
tion of the QCD phase diagram is simple: for low values
of temperature and chemical potential we have confined
quarks, indicated by a negative pressure due to the bag
B. This is the hadronic phase. When matter is heated,
light hadrons, preferentially pions, are created thermally,
which increasingly fill the space between the nucleons.
Because of their finite spatial extent, the pions and other
thermally produced hadrons begin to overlap with each
other and with the bags of the original nucleons such
that a network of zones with quarks, anti-quarks, and
gluons is formed. At a certain critical temperature Tc
these zones fill the entire volume in a percolation transi-
tion. This new state of matter is the quark-gluon plasma
(QGP) [8]. A similar picture emerges when matter is
strongly compressed. In this case the nucleons overlap
at a critical number density nc and form a cold degene-
rate QGP consisting mostly of quarks. Therefore, in our
work the transition line between confined quark matter
and QGP is indicated by p = 0. It is important to point
out that, although in our MIT-based model we always
treat it as a first order phase transition, at low chemical
potential the LQCD predicts a smooth cross-over.
Before we proceed, we introduce some definitions. As
in our work guuV and gddV are always equal (and called
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Figura 1. (Color online) QCD phase diagram for different
values of B, GV and b4. The Cleymans line is the experi-
mental freeze-out [7] and L-G is the region where we expect
a liquid-gas phase transition [16].
only g for short), we define XV as the ratio between
gssV and guuV . Also, the strength of the vector channel
is directly related to (g/mV )
2, so we define GV as this
quantity:
XV
.
=
gssV
guuV
and GV
.
=
(
g
mV
)2
. (11)
We start with two flavored symmetric matter with
µu = µd to make a direct comparison with the chemi-
cal freeze-out as presented in ref. [7], as well as with the
liquid-gas phase transition. We use three different values
for the bag parameter, B1/4 = 148 MeV, 165 MeV and
205 MeV. B1/4 = 148 MeV is the lowest allowed value
for non-interacting bag model because even lower values
would predict stable u − d matter. As we do not see
people spontaneously decaying, we strongly believe that
deconfined u − d matter is unstable. A good model to
simulate the hadron-quark phase transition needs to en-
sure that both the chemical freeze-out and the liquid-gas
phase transition lie in the hadronic phase. At T = 0 we
also expect that the phase transition takes place at values
of the chemical potential at least higher than µ = 1050
MeV [1]. There is no experimental evidence of the ma-
ximum chemical potential which preserves the hadronic
phase, however, a recent study points out that quark
matter inside massive neutron stars is not only possible
but probable [25]. For β-stable matter, it should occur
around µ = 1200 MeV [37]; for two-flavored symmetric
matter we assume a maximum value of µ = 1400 MeV
as a more conservative estimate. Also, there are strong
evidences that the (pseudo) critical temperature obtai-
ned from LQCD is very close to the critical temperature
of chemical freeze-out [38]. Once these constraints are
investigated, we proceed by checking whether the mo-
del is able to reproduce massive quark stars, and if the
parameters are in favor or against the Bodmer-Witten
conjecture of stable strange matter, i.e., the energy per
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Figura 2. (Color online) Mass-radius relation for different values of B1/4, GV and b4 with XV = 1.0 (left) and XV = 0.4 (right).
The hatched areas correspond to 68% and 95% credibility interval for the MSP J0740+6620.
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Figura 3. (Color online) Phase diagram for XV = 1.0 (left) and XV = 0.4 (right) for neutral beta stable matter.
baryon of strange matter µu = µd = µs must be below
930 MeV [21, 23, 24].
Moreover, for each bag pressure value there are also
three possibilities: the original MIT bag model without
any interaction, a vector channel via minimum coupling
and a vector channel with minimal coupling alongside
a self-interacting term to simulate the quark Dirac sea
contribution. In order to reproduce massive quark stars,
we use here GV = 0.3 fm
2 for a bag pressure value of
B1/4 = 148 MeV, and b4 = 60. For B
1/4 = 165 MeV and
205 MeV, we use GV = 0.8 fm
2 and b4 = 20. Notice that
the self-interacting term depends on both, b4 and g as
shown in Eq. (3). The results are presented in Fig. 1. We
also use these values and construct the equation of state
(EoS) of a β-stable matter with zero electrical charge,
namely [39]:
µd = µs = µu + µe and µe = µµ
ne + nµ =
1
3
(2nu − nd − ns). (12)
We then use the EoS at zero temperature as an input
to the TOV equations [40] to produce the mass-radius
diagram. The results for different values of XV are pre-
sented in Fig. 2, as well as the MSP J070+6620 pulsar,
whose mass range is 2.14+0.10−0.09M at 68 % credibility in-
terval (light blue ) and 2.14+0.20−0.18M at 95 % credibility
interval (light yellow) [26]. We also display in Fig. 3
the phase diagrams for three-flavored β-stable matter.
Although zero temperature is generally assumed for cal-
culations of stable neutron and quark stars, higher tem-
peratures can be important in the early stages of the
proto-star. For instance, the neutron matter deconfine-
ment occurs on a strong interaction time scale of 10−23
s [41], while the chemical equilibrium happens at a weak
time scale of 10−8 s. On the other hand, the cooling of
the newborn neutron star by neutrino diffusion takes a
few seconds [42]. Therefore, the phase diagram for values
up to T = 50 MeV in neutral β-stable matter is impor-
tant [43]. For higher temperatures the discussion is more
pedagogical, once we do not expect β-stable matter in
this region [44, 45].
5- two flavored matter three flavored β-matter same µ
B1/4 (MeV) XV GV (fm
2) b4 Tc (MeV) µc (MeV) Cleymans? L-G? µc? M (M) R1.4 (km) Tc(β) µc(β) 1.96M? R1.4? SQM?
148 - 0.0 0.0 121 938 No No No 1.85 10.36 105 866 No No Yes
165 - 0.0 0.0 134 1040 No Yes No 1.50 8.58 117 962 No No No
205 - 0.0 0.0 168 1296 Yes Yes Yes 0.98 - 145 1187 No No No
148 1.0 0.3 0.0 121 1000 No Yes No 2.36 11.15 105 938 Yes Yes No
148 1.0 0.3 60 121 987 No Yes No 1.99 10.73 105 924 Yes Yes Yes
165 1.0 0.8 0.0 134 1249 No Yes Yes 2.31 10.20 117 1186 Yes No No
165 1.0 0.8 20 134 1163 No Yes Yes 1.58 8.94 117 1091 No No No
205 1.0 0.8 0.0 168 1662 Yes Yes No 1.62 7.60 145 1575 No No No
205 1.0 0.8 20 168 1464 Yes Yes No 1.02 - 145 1364 No - No
148 0.4 0.3 0.0 121 1000 No Yes No 2.19 10.93 105 915 Yes Yes Yes
148 0.4 0.3 60 121 987 No Yes No 1.96 10.67 105 914 Yes Yes Yes
165 0.4 0.8 0.0 134 1249 No Yes Yes 2.04 9.78 117 1111 Yes No No
165 0.4 0.8 20 134 1163 No Yes Yes 1.56 8.86 117 1055 No No No
205 0.4 0.8 0.0 168 1662 Yes Yes No 1.41 6.72 145 1442 No No No
205 0.4 0.8 20 168 1464 Yes Yes No 1.00 - 145 1320 No - No
Tabela I. Critical temperature (Tc), chemical potential (µc), quark star main properties, and some observational constraints
for two and three-flavored quark matter within different values of B1/4, GV , b4 and XV .
From Fig. 1 we can see that when there is no interac-
tion term, increasing bag pressure values favor the hadron
phase. The higher the B value, the higher both the cri-
tical temperature and the critical chemical potential are.
The vector field causes an additional repulsion, increa-
sing the critical chemical potential. However, as shown
in Eq. (4), the vector channel couples to the density and
causes very little effects at low chemical potential. In-
deed, the vector field does not change the critical tempe-
rature for µ = 0. The self-interacting term reduces the
repulsion at large densities. In our previous work [21],
we have used low values of b4 to not change the stabi-
lity window, but here we relax this condition in order to
study the strong coupling effects. We see that for B1/4
= 148 MeV (the only value in this work with which it
is possible to reproduce SQM) the critical temperature
for zero chemical potential is 121 MeV. This value is way
lower than the experimental results from chemical freeze-
out [7] and the LQCD [14, 15]. At the low temperature
limit, we see that without the vector channel, even the re-
gion related to the liquid-gas phase transition is not fully
contained in the hadron phase. We overcome this issue
by adding the vector field, but it is not enough to push
the critical chemical potential for values larger than 1000
MeV, which is still below the minimum of 1050 MeV.
For B1/4 = 165 MeV, the critical temperature at zero
chemical potential is 134 MeV, which is still not enough
to match the LQCD and freeze-out results. Without the
vector channel, the critical potential at zero temperature
is 1040 MeV, but with GV as well as with the b4 term,
the critical chemical potential is always in the range of
1050 MeV < µc < 1400 MeV. Finally for B
1/4 = 205
MeV we have both the freeze-out and the LQCD in agre-
ement with our model. But the vector channel pushes the
critical chemical potential for values above 1400 MeV.
Although B1/4 = 205 MeV seems to describe reasona-
bly well the low chemical potential region of the QCD
phase diagram, it can be seen from Fig. 2 that it results
in quark stars of very low masses. Indeed in most cases
the maximum mass barely reaches 1.0M. With B1/4
= 148 MeV we are able to reproduce a 2.19 M quark
star within the SQM conjecture and a 2.36 M in ge-
neral. For B1/4 = 165 MeV a maximum mass of 2.31
M arises, a result very close to 2.36 M with B1/4 =
148 MeV. However, although the maximum masses are
very close, there is a huge difference on the radii of the
canonical stars. For B1/4 = 148 MeV a radius of 11.15
km is obtained, while for B1/4 = 165 MeV the radius is
only 10.20 km, about 1 km smaller. The vector channel
can help to differentiate the values of the bag pressure,
even with similar maximum masses. The radii are very
sensitive to the bag pressure value. We also see that the
maximum mass is sensitive to XV in absence of the self
interacting term. Within a strong coupling constant b4,
the effect of XV is secondary. Indeed, the self-interacting
term makes the results closer to the ones obtained with
the non-interacting quark gas than the ones with the vec-
tor field only. Another important feature is the radius of
the canonical star. We see that the only models whose
radii are 10.4 km< R1.4 <11.9 km [27] are those with bag
equal to 148 MeV, which is within (or very close to) the
stability window of SQM [21]. Bag pressure values that
are far from the stability window produce too low radii,
even if their maximum masses are compatible with the
MSP J070+6620 [26].
Finally, from Fig. 3 we see that the β-stable matter
disfavors the hadronic phase when compared with sym-
metric two-flavored matter at Fig. 1, as it always pro-
duces a lower value for the critical temperature (at zero
chemical potential), as well as a lower value for the criti-
cal chemical potential (at zero temperature). Also, when
we compare XV = 1.0 to XV = 0.4 we see that higher
6values of XV pushes the critical chemical potential to
higher values.
The results of this section are summarized in Tab. I,
where the critical temperature and chemical potential in
two and three-flavored matter are presented, the cons-
traints discussed in the text from both freeze-out and
neutron stars observations and what parametrizations
give us a SQM for µu = µd = µs.
IV. TEMPERATURE-DEPENDENT BAG
MODEL
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Figura 4. (Color online) QCD phase diagram for temperature
dependent bag model
It is clear from the last section that we are not able to
reproduce both the freeze-out critical temperature and
massive quark stars. Even if we increase the value of GV
for B1/4 = 205 MeV, it pushes the critical chemical po-
tential even further, in disagreement with the probable
existence of a quark core as presented in ref. [25], and re-
producing quark stars with too low radii, in disagreement
with the measurements from ref. [27]. Because of these
behaviors, different bag pressure values are generally used
for different energy scales. When the interest lies in the
low chemical potential, a bag pressure value higher than
200 MeV is employed, while for constructing quark stars,
values around 150-170 MeV are generally used [46, 47].
Hence, it makes it impossible to use a single bag pres-
sure value to describe the whole energy spectrum with
MIT-based models. We then propose an alternative, a
temperature dependent bag model, a prescription that is
not new. For instance, ref. [48] uses a temperature depen-
dent bag model derived from QCD sum rules and ref. [30]
introduces a phenomenological temperature dependence
in the bag constant, which reads:
B = B0
[
1−
(
T
T0
)4]
, (13)
where T0 is a free parameter. In ref. [49], the authors
introduce a bag parametrization that depends on both,
temperature and chemical potential. However, as noted
in ref. [50], this bag model is the thermodynamic poten-
tial itself: B = Ω.
Here we propose a bag model similar to ref. [30], but
where the bag increases with the temperature instead of
decreasing:
B(T ) = B0
[
1 +
(
T
T0
)4]
. (14)
Now T0 is adjusted to reproduce the LQCD and freeze-
out (pseudo) critical temperature at zero chemical poten-
tial. Therefore T0 = 131 MeV for B
1/4
0 = 148 MeV, and
T0 = 155 MeV for B
1/4
0 = 165 MeV. The increase of the
bag pressure value at high temperature can be justified
not only to reproduce the chemical freeze-out results [7],
but also to increase the quark surface at high tempera-
tures. As shown in ref. [51], the surface tension above
100 MeV increases monotonically with T . This model
decouples the bag parameter from the thermodynamic
potential, and two distinct couplings appear: the vector
field only couples to the density while the bag parameter
only couples to the temperature.
The QCD phase diagram with two-flavored µu = µd
matter is presented in Fig. 4. As can be seen, we obtain
the critical temperature Tc around 168 MeV for both B0
values. However, for B
1/4
0 = 148 MeV, the freeze-out
line is not entirely inside the hadron phase. This indi-
cates that, for this model, we are not able to reproduce
both, SQM and the QCD phase diagram. Also, as for
temperatures T ' 0, so that B(T ) ' B0, this bag pres-
sure value produces a low critical chemical potential. On
the other hand, when we use B
1/4
0 = 165 MeV, all the
freeze-out region lies within the hadronic phase, except
for the non-interacting case. Also, the critical chemi-
cal potential at zero temperature lies between 1050 MeV
< µc < 1400 MeV, resulting on a good description of the
QCD diagram. In the same sense, as shown in Fig. 2,
we are able to reproduce massive stars at T = 0 approxi-
mation, in agreement of ref. [26]. Nevertheless, this bag
pressure value is far above the stability window, even for
non-interacting bag model.
In Fig. 5 we display the phase diagram for tree-flavored
β-stable matter for XV = 1.0 and XV = 0.4. For low
temperatures Fig. 5 and Fig. 2 are similar. But at low
chemical potential we have a increase of the critical tem-
perature due to the dependence of the bag on the tem-
perature. When compared with two-flavored symmetric
matter, there is a decrease from the critical temperature
at low chemical potential, as expected. All the numeri-
cal values are presented in Tab. II. As can be seen, for
B
1/4
0 = 165 MeV, with the linear vector channel, both
values of XV are able to simultaneously give a good des-
cription of the QCD phase diagram and to reproduce
massive quark stars. However these results point against
the existence of SQM, as they are far from the stability
window. This is reinforced by the low radii of the canoni-
cal stars, which are in disagreement with ref. [27], indica-
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Figura 5. (Color online) Phase diagram for XV = 1.0 (left) and XV = 0.4 (right) for neutral beta stable matter within B(T)
formalism.
ting that canonical stars are probably hadronic neutron
stars.
V. HOT QUARK STARS AND THE SPEED OF
SOUND
As pointed out in ref. [42, 52], a newborn neutron star
is formed in the aftermath of a successful supernova ex-
plosion as the stellar remnant becomes gravitationally
decoupled from the expanding ejecta, reaching a tempe-
rature as high as 500 billion Kelvin in the core (around 50
MeV). And while it takes a dozen of seconds to cool down,
deconfinement and chemical equilibrium are reached in a
timescale millions and millions of times lower [41]. The-
refore the study of hot quark matter is important in both
macroscopic properties of quark stars as well as to how
the temperature affects the critical chemical potential.
Here we study how a temperature of 40 MeV affects
the mass-radius relation of quark stars. Although some
studies point that an isentropic formulation is more rea-
listic [43, 52, 53], we choose an isothermic one, as made in
previous works [44, 45, 54–56], which allows a direct com-
parison with the phase diagram presented in Fig. 2. We
also use B0 instead of B(T), as for 40 MeV the increase
of the bag pressure value is always below 1% (even below
0.5% for B1/4 = 165 MeV.) In Fig. 6 the mass-radius re-
lation is presented for B1/4 = 148 MeV and B1/4 = 165
MeV with XV = 1.0 and XV = 0.4.
- two flavored matter three flavored β-matter same µ
B1/4 (MeV) XV GV (fm
2) b4 Tc (MeV) µc (MeV) Cleymans? L-G? µc? M (M) R1.4 (km) Tc(β) µc(β) 1.96M? R1.4? SQM?
148 - 0.0 0.0 168 938 No No No 1.85 10.36 118 866 No No Yes
165 - 0.0 0.0 167 1040 No Yes No 1.50 8.58 128 962 No No No
148 1.0 0.3 0.0 167 1000 No Yes No 2.36 11.15 118 938 Yes Yes No
148 1.0 0.3 60 167 987 No Yes No 1.99 10.73 128 924 Yes Yes Yes
165 1.0 0.8 0.0 168 1249 Yes Yes Yes 2.31 10.20 118 1186 Yes No No
165 1.0 0.8 20 168 1163 Yes Yes Yes 1.58 8.94 128 1091 No No No
148 0.4 0.3 0.0 167 1000 No Yes No 2.19 10.93 118 915 Yes Yes Yes
148 0.4 0.3 60 167 987 No Yes No 1.96 10.67 118 914 Yes Yes Yes
165 0.4 0.8 0.0 168 1249 Yes Yes Yes 2.04 9.78 128 1111 Yes No No
165 0.4 0.8 20 168 1163 Yes Yes Yes 1.56 8.86 128 1055 No No No
Tabela II. Critical temperature (Tc), chemical potential (µc), quark star main properties, and some observational constraints
for two and three-flavored quark matter within different values of B1/4, GV , b4 and XV within B(T) formalism.
From Fig. 6 we see that B1/4 = 148 MeV and B1/4
= 165 MeV, have the same qualitative behavior for all
GV , b4 and XV . In a non-interacting gas (not shown
in order not to saturate the figure) we have just a small
increase of the maximum mass for T = 40 MeV when
compared to T = 0. For a linear coupling, there is a more
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significant decrease of the mass instead of an increase.
But when we include the vector with self-interaction we
recover an increase of the mass with the temperature.
The decrease of the maximum mass within a linear vector
field is due to the reduction of the central density with the
temperature. The main contribution of the temperature
is the reduction of the critical chemical potential. In
all cases studied, the critical chemical potential has a
reduction around 7 - 10%.
In Fig. 7 we show the square of the speed of sound, v2s ,
of quark matter as a function of the chemical potential
for B1/4 = 165 MeV (as the speed of sound does not
depend on the bag pressure value, the qualitative results
are maintained),
v2s =
∂p
∂
. (15)
As recently pointed out in ref. [25] the speed of sound
of the quark matter is closely related to the mass and
radius of the quark core in hybrid stars. The lower the
speed of the sound, the higher the mass of the quark
core. We plot the black triangles (for T = 0) and yel-
low squares (for T = 40 MeV) that represent the critical
chemical potential of each model. For the linear vector
field, we obtain a monotonically increase of the speed
of sound with the chemical potential. Also, the model
with linear vector field presents both the higher speed
of sound and higher critical chemical potential. For the
non-interacting bag model, as well as for the bag mo-
9del with self-interacting vector field we have an almost
constant speed of the sound. However the vector field
displaces the speed of the sound to slightly higher va-
lues. The non-interacting bag model produces the lower
speed of the sound and the lower critical potential. When
we compare XV = 1.0 to XV = 0.4 we see that only with
the linear vector field there is a significant change in the
speed of the sound. The self-interacting field washes out
the role of XV . The main results of this section are pre-
sented in Tab. III.
B1/4 (MeV) XV GV (fm
2) b4 T (MeV) µc (MeV) M (M) v2s at µc
148 - 0.0 0.0 0 866 1.85 0.32
148 - 0.0 0.0 40 781 1.86 0.32
165 - 0.0 0.0 0 962 1.50 0.32
165 - 0.0 0.0 40 885 1.52 0.32
148 1.0 0.3 0.0 0 938 2.36 0.42
148 1.0 0.3 0.0 40 847 2.33 0.40
148 1.0 0.3 60 0 924 1.99 0.35
148 1.0 0.3 60 40 836 2.00 0.35
165 1.0 0.8 0.0 0 1186 2.31 0.53
165 1.0 0.8 0.0 40 1096 2.26 0.51
165 1.0 0.8 20 0 1091 1.58 0.34
165 1.0 0.8 20 40 1009 1.59 0.34
148 0.4 0.3 0.0 0 915 2.19 0.39
148 0.4 0.3 0.0 40 826 2.16 0.37
148 0.4 0.3 60 0 914 1.96 0.34
148 0.4 0.3 60 40 819 1.98 0.34
165 0.4 0.8 0.0 0 1111 2.04 0.46
165 0.4 0.8 0.0 40 1249 2.00 0.45
165 0.4 0.8 20 0 1055 1.56 0.34
165 0.4 0.8 20 40 974 1.56 0.34
Tabela III. Critical chemical potential (µc), maximum mass and speed of the sound in function of several parameters, as
discussed in the text.
VI. COMPARISON WITH THE
NAMBU–JONA-LASINIO MODEL
In this section we also reproduce some results ob-
tained with the Nambu–Jona-Lasinio (NJL) model to
compare with the ones we have obtained in the present
work. Although the simplest versions of the NJL mo-
del does not reproduce the asymptotic freedom beha-
vior of QCD, and thus cannot describe the quark con-
finement/deconfinement transition, it can be interpreted
as a schematic quark model for many situations where
chiral symmetry breaking/restoration is one of the most
relevant features of QCD [31].
The original version of the model [33] can be extended
by the inclusion of a vector-isoscalar interaction term,
along the same lines discussed in ref. [21] and written
in Eq.(2) for the MIT bag model, such that, considering
two quark flavor fields ψq = [ψu ψd]
T
, it is given by the
following Lagrangian density
L = ψ¯q(iγµ∂µ − mˆ)ψq +Gs[(ψ¯qψq)2 + (ψ¯qiγ5~τψq)2]
−Gv(ψ¯qγµψq)2, (16)
where mˆ = diag(mu,md) are the quark bare masses, ~τ is
the Pauli isospin matrix, and Gs and Gv are the coupling
constants. In the mean-field level, Lagrangian (16) can
be rewritten via the bosonization of the model through
auxiliary fields given by the non-vanishing scalar and vec-
tor condensates, from where it is straightforward to write
the grand-canonical thermodynamic potential as [31]:
Ω = ΩM +
(M −m)2
4Gs
− (µq − µ˜q)
2
4Gv
, (17)
with
ΩM = −2Nc
∫
d3k
(2pi)3
{
Ek + T ln
[
1 + e−(Ek−µ˜q)/T
]
+ T ln
[
1 + e−(Ek+µ˜q)/T
]}
,
(18)
being the displaced Fermi gas contribution, where Ek =√
k2 +M2. In this process, the constituent mass and
effective chemical potential were introduced, respectively,
through the self-consistent gap equations [31]:
M = m− 2Gs〈ψ¯qψq〉, (19)
µ˜q = µq − 2Gv〈ψ¯qγ0ψq〉. (20)
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The vector condensate is identified as the number density
〈ψ¯qγ0ψq〉 = nq, as in equation (5), and the scalar con-
densate can be evaluated applying standard techniques of
thermal field theory from the dressed fermion propagator
S = (γµkµ −M + iε)−1 as
〈
ψ¯qψq
〉
= −2
∫
d3k
(2pi)
3
M√
k2 +M2
(1− fq+ − fq−) .
(21)
Here the isospin symmetry is assumed in the Lagrangian
level, i.e., mu = md = m, and the situation of chemi-
cal equilibrium is considered, i.e., µu = µd = µq, with
µq = µ/3. The parameters Gs, m and Λ are fitted to re-
produce the quark condensate value, the pion mass and
its decay constant. In the following, we set Λ = 590 MeV,
GsΛ
2 = 2.435 and m = 6.0 MeV [31]. The parameter Gv
is usually taken as a free parameter, whith some proposed
constraints suggesting values between 0.25Gs and 0.5Gs
[57, 58]. We consider 0 ≤ Gv/Gs ≤ 0.5.
The effective quark mass M is obtained solving the gap
equations (19-20). This constituent mass is larger than
the bare quark mass m at lower temperatures and/or
densities, generating dynamically the larger particle mass
expected in this region and breaking the chiral symmetry
of the model. As the temperature or the density incre-
ase, M approaches the value of the current mass m, thus
restorating the chiral symmetry. A chiral phase transiton
µ−T diagram can be drawn determining the behavior of
the thermodynamic potential minima with respect to M ,
for given chemical potentials [59]. In the low tempera-
ture regime, several effective models predict a first order
chiral phase transition to occur. Results from LQCD for
the low chemical potential region, however, point to a
crossover transition. These two seemingly contradictory
pictures suggest that the first order transition line star-
ting at T = 0 ends at a critical end point (CEP), from
which it turns into a crossover [60]. Figures 8 and 9 show
that this behavior is reproduced by the NJL model. No-
tice that, as the contribution associated to the vectorial
coupling vanishes at zero chemical potential, there is no
vacuum correction consequences due to the value of the
coupling constant Gv. With the chosen parametrization,
this model renders the crossover temperature at µ = 0
being equal to 188 MeV, which is higher than the values
obtained from previously discussed MIT-type model cal-
culations, but also from the estimations of the chemical
freeze-out parameters in heavy ion collisions and expec-
ted from LQCD results, as can be seen in Figs. 8 and 9.
As stated above, the NJL model produces a first order
phase transition for temperatures below the CEP, where
it acquires a second order phase transition point, before
the crossover region. Also, increasing the vector term
weakens and delays the first order phase transition of the
chiral restoration, favoring the crossover transition on the
majority of the QCD phase diagram high temperature-
low baryonic density part.
The purpose of the present section is to compare dif-
ferent model frameworks, and hence it is useful to dis-
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play both two and three-flavored matter results obtai-
ned from the NJL-type models too. The extension of
the NJL SU(2) to NJL SU(3) is not as straightforward
as the inclusion of the s quark in the MIT-like models.
Thus, we refer the interested reader to refs. [31]. The
expressions for the grand-canonical potentials, the rela-
ted gap equations and the chosen parametrizations are
the same as in ref. [64]. As extensively discussed in [65],
the strange quark is largely responsible for shaping the
phase diagram of QCD since its mass controls the nature
of the chiral and deconfinement transitions. In ref. [1],
the schematic figure of the Columbia phase diagram in
3-flavour QCD points to the importance of the strange
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quark mass, which also plays a decisive role on the pos-
sible existence of a quark core in collapsed stars. Hence,
to consider strangeness conservation without relying on
the inclusion of β-stable matter, which, as discussed be-
low, is justified only at the lower temperature range of
the QCD phase transition diagram, we show the curves
obtained with the same chemical potential for the three
quarks, i.e., µu = µd = µs in Fig. 9, for the NJL and the
MIT models. One can clearly see that within the SU(3)
version of both models, the transition temperature at low
chemical potential is lowered considerably in relation to
the SU(2) curve and at low temperatures, the transition
chemical potentials are also shifted towards lower values.
Also, the effects of the vector interaction are the same
as the ones just discussed for the SU(2) case, e.g. the
transition point at µ = 0 would be also kept fixed had
different values of the vector interaction been plotted, as
explained above.
Analyzing this framework and the results presented in
previous sections together, it is possible to argue that the
phase transition in QCD can take place either in one or
two different steps, depending on the parameter choice
adopted for the MIT-type model. From Figures 1 and
4, we can see that both MIT models allow the deconfi-
nement phase transition to take place around µ = 1200
MeV in the low temperature region, at least for some
sets. If this is the case considered, it suggests that both
deconfinement and chiral transition occur simultaneously
in the QCD phase diagram. It does happen at T = 0,
e.g., when the parameters of the MIT model are taken
to be B1/4 = 165 MeV and GV = 0.8 fm
2, while the
vector coupling of the NJL is set as Gv/Gs = 0.5, at
µ = 1250 MeV. However, even in such case, the MIT and
NJL transition curves diverge rapidly for finite tempera-
tures, as the dependence of the transition temperature
on the chemical potential is noticeably more intense in
the MIT curves, specially for chemical potential grea-
ter than the µ at the CEP predicted for the NJL-type
models. Other possible picture, allowed by certain MIT
model parametrizations with higher transition chemical
potentials, points to a two-step phase transition in QCD,
first by the chiral symmetry restoration (either through a
crossover or a first order phase transition) and only then
by the deconfinement phase transition. This would give
rise to the so-called quarkyonic phase, where the quarks
are still confined in nucleons but the particles do not show
a higher dynamically produced mass [67].
The description of stellar matter cannot be done using
the two-flavor formalism presented in this section, since
strangeness is necessary to fulfill the Bodmer-Witten con-
jecture. However, both hybrid and pure quark matter
stars with the quark phase described by the three-flavor
NJL model and NJL with a vector interaction model have
been described in several studies [68–70]. It is worth no-
ting, however, that these models do not produce stable
quark matter at zero temperature and/or magnetic field
[71], but they can certainly describe the inner matter of
a hybrid star [25], which is enough to justify the applica-
tion of this type of model in theoretical studies, mainly
the ones involving phase transitions [68]. Increasing the
vector term stiffens the equation of state, thus sustaining
larger maximum stellar masses, but the macroscopic pro-
perties of the compact star depend strongly on the remai-
ning parameter choice. As example, models used in ref.
[72] do not reach the 1.96 M even for higher vector cou-
plings (Gv/Gs > 0.6). Using a different parametrization
as in ref. [68], the model is able to describe a quark star
family with maximum mass M = 1.97 M and canonical
star radius R1.4 = 11.05 km, for Gv/Gs = 0.5, a larger
radii than the ones predicted by the MIT-type models
discussed above.
VII. FINAL REMARKS
In this work we have extended the modified versions
of the MIT bag model, recently introduced in ref. [21],
on which a vector field and a self-interacting term are
added, to consider finite temperature effects and then
build the QCD phase diagram. We first consider symme-
tric two-flavored quark matter constrained to both the
freeze-out and the liquid-gas phase transition at the ha-
dronic phase. Then, we have verified that it is difficult
to reconcile these constraints with the existence of stable
strange quark matter as proposed by the Bodmer-Witten
conjecture [23, 24].
We have next constructed the QCD phase diagram for
three flavored quark matter in β equilibrium and zero
electrical charge with two different possibilities for the
strength of the strange quark interaction with the vector
field: an universal coupling, when the strength of the s
quark is equal to the u and d quarks, and one coming from
the group theory approach that fixes the s quark coupling
constant to 2/5 of the u and d quarks [21]. These condi-
tions were then utilised to obtain EOS at zero and finite
temperature and used as input to the TOV equations and
to compute the sound velocity. The related mass-radius
diagrams were displayed and discussed. Within different
choices of parameters, massive stars can be described, but
the radii of the canonical stars are generally too small,
indicating that they are more likely to be hadronic stars.
Finally, we have revisited QCD phase diagrams
obtained with the Nambu-Jona-Lasinio model with
and without a vector interaction. We have seen that
both MIT-like and NJL models can describe the same
qualitative behavior as the inclusion of the vector
interaction is concerned. Moreover, depending on
the parameter choice of both models, the NJL chiral
symmetry transition can take place at roughly the same
temperatures and chemical potentials as the MIT-like
model deconfinement transition, meaning that both
transitions can take place at the same time. If this is
the case, the quarkyonic phase is excluded. A better
understanding of this intermediate phase depends on
more experimental and observational constraints.
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